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Laplace Transform Method applied to the one-dimensional diffusion equation
in half-space. Let u = w(x,t) be the temperature which is the solution of the
diffusion equation:

Upye = —Uyg, t>07 x>0
«
The initial condition for > 0 is u(x,0) = 0. The boundary condition for all

t > 0as z — oois u(xz,t) — 0. The boundary condition at the surface z =0
can be one of the following three conditions:

i) Dirichlet condition:

w(0,t) = ug
ii) Neumann condition:
qo0
04y =-%
ua(0.) =

where ¢q is the constant incident heat flux and % is the constant thermal con-
ductivity.

iii) Robin condition:

u,(0,t) = —% [wp —u(0,t)]

where h is the constant heat transfer coefficient and wuy is the constant temper-
ature of the fluif which heat the surface.

The Laplace transform of the given PDE gives the ODE

+U _1 [sU — u(z,0)]

de?  «
where U(z, s) is the Laplace transform of the temperature:
U(z,s) = L{u(z,t)}
Appyling the IC: u(x,0) = 0 gives the ODE:

d2
U_Sy—0 z>0

dz? «



whose solution is

U =CreVea® 4 CyeVar

The boundary condition at & = oo requires that w(oo) = 0 or that U(oo,s) =0
which requires that the constant Cy; = 0. The solution and its derivative are

s dU s
U = 026_\/5:” a,I]_d _— = —02 ie_\/gm
de V a
The second constant of integration can be obtained by the application of one of

the three boundary conditions at # = 0. Now, we find the Laplace transform of
the three boundary conditions.

1) Dirichlet condition

(1

L{u(0,8)} = L{ug} = ?0 5> 0

ii) Neumann condition
£{ua(0.0)} = £ {2}

which requires

iii) Robin condition

which requires

Solutions in the transform domain for the three boundary conditions. Here the
three boundary conditions at = 0 are applied to find the constant Cs and the
three solutions.

i) Dirichlet boundary condition

z U
Cz 6_\/:96 = Cz = —0
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The solution is
3
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ii) Neumann boundary condition
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Solving for C, gives

The solution is

iii) Robin boundary condition

_02\/E oV ow
(87

Solving for C, gives

0 = _E? —I_ k U(x73)|:t:0
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The solution is
th S
Y
Uz, s) = ks

=% —e Va s>0, z>0
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Solutions for the three boundary conditions. Laplace transform tables can be
used to get the solutions u(x,t).



