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Laplace Transform Method applied to the one-dimensional di�usion equation
in half-space. Let u = u(x; t) be the temperature which is the solution of the
di�usion equation:

uxx =
1

�
ut; t > 0; x > 0

The initial condition for x � 0 is u(x; 0) = 0. The boundary condition for all
t > 0 as x ! 1 is u(x; t)! 0. The boundary condition at the surface x = 0
can be one of the following three conditions:

i) Dirichlet condition:

u(0; t) = u0

ii) Neumann condition:

ux(0; t) = �q0

k

where q0 is the constant incident heat ux and k is the constant thermal con-
ductivity.

iii) Robin condition:

ux(0; t) = �h

k
[uf � u(0; t)]

where h is the constant heat transfer coe�cient and uf is the constant temper-
ature of the uif which heat the surface.

The Laplace transform of the given PDE gives the ODE

d2U

dx2
=

1

�
[sU � u(x; 0)]

where U(x; s) is the Laplace transform of the temperature:

U(x; s) = Lfu(x; t)g

Appyling the IC: u(x; 0) = 0 gives the ODE:

d2U

dx2
=

s

�
U = 0; x > 0
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whose solution is
U = C1e

p
s

�
x + C2e

�

p
s

�
x

The boundary condition at x =1 requires that u(1) = 0 or that U(1; s) = 0
which requires that the constant C1 = 0. The solution and its derivative are

U = C2e
�

p
s

�
x and

dU

dx
= �C2

r
s

�
e
�

p
s

�
x

The second constant of integration can be obtained by the application of one of
the three boundary conditions at x = 0. Now, we �nd the Laplace transform of
the three boundary conditions.

i) Dirichlet condition

Lfu(0; t)g = Lfu0g = u0

s
; s > 0

ii) Neumann condition

Lfux(0; t)g = L
�
q0

k

�

which requires
dU(0; s)

dx
= � q0

ks
; s > 0

iii) Robin condition

Lfux(0; t)g = L
(
h

k
[uf � u(0; t)]

)

which requires
dU(0; s)

dx
= �h

k

uf

s
+

h

k
U(0; s); s > 0

Solutions in the transform domain for the three boundary conditions. Here the
three boundary conditions at x = 0 are applied to �nd the constant C2 and the
three solutions.

i) Dirichlet boundary condition

C2 e
�

p
s

�
x
����
x=0

= C2 =
u0

s

The solution is

U(x; s) =
u0

s
e
�

r
s

�
x
; s > 0; x � 0
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ii) Neumann boundary condition

�C2

r
s

�
e�
p

s

�
x
����
x=0

= �C2

r
s

�
= � q0

ks

Solving for C2 gives

C2 =
q0

k

p
�

s3=2

The solution is

U(x; s) =
q0

k

p
�

s3=2
e
�

r
s

�
x
; s > 0; x � 0

iii) Robin boundary condition

�C2

r
s

�
e�
p

s

�
x
����
x=0

= �h

k

uf

s
+

h

k
U(x; s)jx=0

Solving for C2 gives

C2 =

huf

ks
h

k
+

r
s

�

The solution is

U(x; s) =

huf

ks
h

k
+

r
s

�

e
�

r
s

�
x
; s > 0; x � 0

Solutions for the three boundary conditions. Laplace transform tables can be
used to get the solutions u(x; t).
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